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Recently we found a family of nearly orthonormal affine Riesz bases of compact
support and arbitrary degrees of smoothness, obtained by perturbing the one-
dimensional Haar mother wavelet using B-splines. The mother wavelets thus
obtained are symmetric and given in closed form, features which are generally
lacking in the orthogonal case. We also showed that for an important subfamily the
wavelet coefficients can be calculated inO(n) steps, just as for orthogonal wavelets.
It was conjectured by Aldroubi, and independently by the author, that these bases
cannot be obtained by a multiresolution analysis. Here we prove this conjecture.
The work is divided into four sections. The first section is introductory. The main
feature of the second is simple necessary and sufficient conditions for an affine
Riesz basis to be generated by a multiresolution analysis, valid for a large class of
mother wavelets. In the third section we apply the results of the second section to
several examples. In the last section we show that our bases cannot be obtained by
a multiresolution analysis. Ó 1999 Academic Press
Key Words: frames and Riesz bases; multiresolution analysis; entire functions;
almost-periodic functions.
1. INTRODUCTION
In the following Z will denote the integers, Z+ the strictly positive integers, and R the
real numbers; t , x , and ω will always denote real variables, and z will always denote a
complex variable.
Let H be a (separable) Hilbert space with inner product 〈·, ·〉 and norm ‖ · ‖ := 〈·, ·〉1/2.
Let 0 stand for either Z or Z+. For a sequence c= {ck; k ∈ 0}, let
‖c‖`2 :=
(∑
k∈0
|ck|2
)1/2
.
1 The author is grateful to Akram Aldroubi for his helpful comments and to Pierre Gilles Lemarié-Rieusset for
kindly making available reprints and preprints of his articles.
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DEFINITION 1.1. A sequence {fk; k ∈ Z+} ⊂H is called a Riesz basis if its linear span
is dense in H and there are constants A and B , with A > 0, such that for every sequence
c= {ck; k ∈ Z+} ∈ `2(Z+)
A‖c‖2
`2 ≤
∥∥∥∥∑
k∈Z+
ckfk
∥∥∥∥2 ≤ B‖c‖2`2 .
The constants A and B are called Riesz bounds.
Clearly {fk; k ∈ Z+} is a Riesz basis with constants 0<A≤ B if and only if its linear
span is dense in H and for arbitrary positive n and arbitrary scalars c1, . . . , cn,
A
n∑
k=1
|ck|2 ≤
∥∥∥∥∥
n∑
k=1
ckfk
∥∥∥∥∥
2
≤ B
n∑
k=1
|ck|2.
For other equivalent definitions of Riesz basis see [26, Chap. 1].
DEFINITION 1.2. A sequence {fk; k ∈ Z+} ⊂H is called a frame if there are constants
A and B , with A> 0, such that for every f ∈H
A‖f ‖2 ≤
∑
k∈Z+
|〈f,fk〉|2 ≤ B‖f ‖2.
The constants A and B are called bounds of the frame. If only the right-hand inequality is
satisfied for all f ∈H, then {fk; k ∈ Z+} is called a Bessel sequence with bound B .
The theory of frames and Riesz bases in Hilbert spaces is discussed in [26] (see also [3]).
Here we just mention a few main points: A frame is called exact, if upon the removal of
any single element of the sequence it ceases to be a frame. Riesz bases are exact frames,
and vice versa. A sequence {fn; n ∈ Z+} ⊂H is a Riesz basis if and only if it is the image
of an orthonormal basis under a bounded invertible linear operator U : H→H. For a Riesz
basis, frame bounds and Riesz bounds coincide.
Frames were introduced by Duffin and Schaeffer [9] to study an irregular sampling
problem (for other applications, see, e.g., [8]).
In this paper the underlying Hilbert space will be L2(R), with the usual inner product
and norm, and we will study binary affine sequences generated by a single function, i.e.,
sequences of the form {ψj,k; j, k ∈ Z}, where ψ ∈L2(R) and ψj,k(t) := 2j/2ψ(2j t − k).
DEFINITION 1.3. A multiresolution analysis (MRA) is an ordered pair ({Vj ; j ∈ Z},
φ), where {Vj ; j ∈ Z} is a sequence of closed linear subspaces of L2(R) and φ ∈ L2(R),
such that
Vj ⊂ Vj+1 for every j ∈ Z, (1.1)⋃
j∈Z
Vj is dense in L2(R), (1.2)
⋂
j∈Z
Vj = {0}, (1.3)
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f (t) ∈ V0 if and only if f (t − 1) ∈ V0, (1.4)
for every j ∈ Z, f (t) ∈ Vj if and only if f (2t) ∈ Vj+1, (1.5)
{φ(t − k); k ∈ Z} is a Riesz basis of V0. (1.6)
2. CHARACTERIZATION OF RIESZ BASES
Let the Fourier transform of a function g be denoted by ĝ. If g ∈ L1(R) and ω ∈R,
ĝ(ω) :=
∫
R
e−tωig(t) dt.
Given an MRA ({Vj ; j ∈ Z}, φ), there is a sequence {ck; k ∈ Z} ∈ `2(Z) such that if
ψ(t)=
∑
k∈Z
ckφ(2t − k), (2.1)
then {ψj,k; j, k ∈ Z} is an orthonormal basis of L2(R) [7, 20, 22]. This motivates the
following
DEFINITION 2.1. We say that a function ψ ∈ L2(R) is obtained by an MRA if there is
a multiresolution analysis ({Vj , j ∈ Z}, φ) and a sequence {ck; k ∈ Z} ∈ `2(Z) such that
(2.1) is satisfied in L2(R). The function ψ is called a mother wavelet.
We begin with
PROPOSITION 2.2. Let {ψj,k; j, k ∈ Z} be a Riesz basis of L2(R). Then ψ is obtained
by an MRA if and only if there are nonzero functions φ, p, and q that satisfy the following
conditions:
φ ∈L2(R), and {φ0,k; k ∈ Z} is a Riesz basis for the closure of its linear span.
(2.2)
p ∈L2(−pi,pi), p(ω) is 2pi-periodic, and φ̂(2ω)= p(ω)φ̂(ω) a.e. (2.3)
q ∈L2(−pi,pi), q(ω) is 2pi-periodic, and ψ̂(2ω)= q(ω)φ̂(ω) a.e. (2.4)
Proof. Assume that ψ is generated by an MRA ({Vj ; j ∈ Z}, φ). Then (2.2) follows
from (1.6); moreover, (1.1), (1.5), and (1.6) imply that φ satisfies a two-scale relation, i.e.,
there is a sequence {ak; k ∈ Z} ∈ `2(Z) such that
φ(t)=
∑
k∈Z
akφ(2t − k) in L2(R). (2.5)
The second condition in the assertion follows by taking the Fourier transform on both sides
of the preceding identity (cf. [7, (5.1.17)]), whereas the third condition follows by taking
the Fourier transform on both sides of (2.1).
We now prove the converse.
Taking the inverse Fourier transform on both sides of the identity in (2.3), we see that
(2.5) is satisfied. Thus, if we define Vj to be the closure of the linear span of {φj,k; k ∈ Z},
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it readily follows that φ and the Vj satisfy (1.1), (1.4), (1.5), and (1.6). Note that since
every Riesz basis is a frame, and Riesz bounds and frame bounds coincide, φ satisfies [7,
(5.3.6)]. Thus, repeating verbatim the proof of [7, Proposition 5.3.1] we conclude that (1.3)
is satisfied. Taking the inverse Fourier transform on both sides of the identity in (2.4), we
conclude that (2.1) is satisfied in L2(R) for some sequence {ck; k ∈ Z} ∈ `2(Z); since
{ψj,k; j, k ∈ Z} is a Riesz basis of L2(R), and is therefore dense in L2(R), this implies
that (1.2) is satisfied.
Although Proposition 2.2 does give necessary and sufficient conditions for a functionψ
to be obtained by an MRA, these conditions are not, in general, easy to verify, since they
involve the existence of several functions that satisfy various relations among them. On the
other hand, Theorem 2.4 below only requires that, roughly speaking, the ratio ψ̂(2ω)/ψ̂(ω)
be periodic. To make this statement more precise, we need a definition.
DEFINITION 2.3. We say that A is essentially contained in B , if A \ B has Lebesgue
measure 0. We say that A is essentially equal to B , if both A \B and B \A have Lebesgue
measure 0.
The support of f (t) will be denoted by supp{f (t)}. With this notation we have:
THEOREM 2.4. Let {ψj,k; j, k ∈ Z} be a Riesz basis of L2(R), and let
r(ω) :=
√∑
k∈Z
|ψ̂(ω+ 4kpi)|2. (2.6)
Then the following propositions are equivalent:
(a) ψ is obtained by an MRA and supp{ψ̂(2ω)} is essentially equal to supp{ψ̂(ω)}.
(b) ψ is obtained by an MRA and supp{ψ̂(2ω)} is essentially contained in supp{ψ̂(ω)}.
(c) There is a 4pi -periodic function g such that g(ω) 6= 0 and
ψ̂(2ω)= g(ω)ψ̂(ω) (2.7)
a.e. in R.
(d) r(ω) > 0 a.e., and there is a 4pi -periodic function g such that (2.7) is satisfied a.e.
Proof. Clearly (a)⇒ (b). Assume that (b) is satisfied, let A and B be Riesz bounds for
{ψj,k; j, k ∈ Z}, and let c= {ck; k ∈ Z} ∈ `2(Z). From the definition of a Riesz basis we
readily see that
A‖c‖2
`2 ≤
∥∥∥∥∑
k∈Z
ckψ(t − k)
∥∥∥∥2 ≤ B‖c‖2`2 ,
and from [4, Theorem 3.24] we obtain
A≤
∑
k∈Z
|ψ̂(ω+ 2kpi)|2 ≤ B a.e. (2.8)
Assume that ψ is obtained by an MRA, and let φ, p, and q be functions that satisfy the
properties described in Proposition 2.2. Applying the identities in (2.4), (2.3), and again
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(2.4), we deduce that for almost every ω ∈R such that q(ω/2) 6= 0
ψ̂(2ω)= q(ω)φ̂(ω)= q(ω)p(ω/2)φ̂(ω/2)= q(ω)p(ω/2)
q(ω/2)
ψ̂(ω). (2.9)
If N1 denotes the set of ω such that q(ω/2) = 0, from (2.4) we see that ψ̂(ω) must
vanish a.e. in N1. Applying the hypotheses, we therefore conclude that ψ̂(2ω) = 0 a.e.
in N1. Also, if N2 denotes the set of ω such that q(ω/2) 6= 0 and either q(ω) = 0 or
p(ω/2)= 0, from (2.9) we see that ψ̂(2ω) must vanish a.e. in N2.
Therefore, if
g(ω) :=

1 if ω ∈N1 ∪N2,
q(ω)p(ω/2)
q(ω/2)
otherwise,
we see that g(ω) 6= 0 and that (2.7) is satisfied a.e. Clearly g(ω) is 4pi -periodic, and (c)
follows.
Assume that (c) is satisfied. To prove (d), let
m(ω) :=min{|g(ω)|, |g(ω+ 2pi)|}.
Then m(ω) > 0, and we may apply (2.7) and (2.8) to conclude that for almost every ω
[r(ω)]2 =
∑
k∈Z
|ψ̂(ω+ 4kpi)|2 =
∑
k∈Z
|g(ω/2+ 2kpi)ψ̂(ω/2+ 2kpi)|2
≥ [m(ω/2)]2
∑
k∈Z
|ψ̂(ω/2+ 2kpi)|2 ≥ [m(ω/2)]2A> 0.
Assume now that (d) holds. We will first show that the conditions of Proposition 2.2 are
satisfied.
Let q(ω) := r(2ω) and
φ̂(ω) :=

ψ̂(2ω)
q(ω)
if q(ω) 6= 0,
0 otherwise.
(2.10)
Assume that q(ω) 6= 0. Then q(ω+ 2kpi)= q(ω) 6= 0, and therefore
φ̂(ω+ 2kpi)= ψ̂(2ω+ 4kpi)
q(ω)
.
Since q(ω) 6= 0 a.e., this implies that∑
k∈Z
|φ̂(ω+ 2kpi)|2 = 1 a.e. (2.11)
Let Ik := [2kpi,2(k+ 1)pi]. Then∫
R
|φ̂(ω)|2dω=
∑
k∈Z
∫
Ik
|φ̂(ω)|2dω=
∫
I0
∑
k∈Z
|φ̂(ω+ 2kpi)|2 =
∫
I0
dω= 2pi.
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Thus φ̂ ∈ L2(R), and therefore, defining φ to be the inverse Fourier transform of φ̂
we conclude that φ ∈ L2(R). Thus, from (2.11) and [4, Theorem 4.23] we deduce that
{φ0,k; k ∈ Z} is an orthonormal basis of the closure of its linear span.
If q(ω) 6= 0, from (2.10) we see that the identity in (2.4) is satisfied. Note that q(ω) is
2pi -periodic.
Finally, let
p(ω) :=

g(2ω)q(ω)
q(2ω)
if q(2ω) 6= 0,
0 if q(2ω)= 0.
We readily see that p(ω) is 2pi -periodic. Moreover, from (2.7) we have for almost every ω∑
k∈Z
|ψ̂(4ω+ 4kpi)|2
=
∑
k∈Z
|g(2ω+ 2kpi)ψ̂(2ω+ 2kpi)|2
=
∑
k∈Z
|g(2ω)ψ̂(2ω+ 4kpi)|2 +
∑
k∈Z
|g(2ω+ 2pi)ψ̂(2ω+ (4k+ 2)pi)|2
≥ |g(2ω)|2
∑
k∈Z
|ψ̂(2ω+ 4kpi)|2,
i.e.,
[q(2ω)]2 ≥ |g(2ω)|2[q(ω)]2 a.e.,
from which we infer that p(ω) is essentially bounded, and therefore that p ∈L2(−pi,pi).
We now show that the identity in (2.3) is satisfied.
It suffices to assume that q(2ω) 6= 0. Applying the identity in (2.4) and (2.7) and again
the identity in (2.4) we have, except perhaps for a subset of measure zero,
φ̂(2ω)= ψ̂(4ω)
q(2ω)
= g(2ω)ψ̂(2ω)
q(2ω)
= g(2ω)q(ω)φ̂(ω)
q(2ω)
= p(ω)φ̂(ω).
Thus the conditions of Proposition 2.2 are satisfied, and we conclude that ψ is obtained
by an MRA. Since (2.7) implies that supp {ψ̂(2ω)} is essentially contained in supp{ψ̂(ω)},
(b) follows. This in turn implies that (c) is satisfied; i.e., there is a function g such that
g(ω) 6= 0 for every ω, and (2.7) is satisfied a.e. This a fortiori implies that supp{ψ̂(ω)} is
essentially contained in supp{ψ̂(2ω)}, and (a) follows.
Once we have established that ψ is obtained by an MRA, we may want to find an MRA
that generates ψ . Implicit in the proof of Theorem 2.4 is the following
PROPOSITION 2.5. Assume that {ψj,k; j, k ∈ Z} is a Riesz basis of L2(R) such that
supp{ψ̂(2ω)} is essentially contained in supp{ψ̂(ω)}. Let r(ω) be defined by (2.6), and
φ̂(ω) by (2.10), let {ck; k ∈ Z} denote the sequence of Fourier coefficients of r(ω/2),
and for each j ∈ Z, let Vj be the closure of the linear span of {φj,k; k ∈ Z}. Then
({Vj ; j ∈ Z}, φ) is an MRA, and ψ satisfies (2.1) in L2(R).
From Theorem 2.4 we obtain a number of corollaries.
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COROLLARY 2.6. Let {ψj,k; j, k ∈ Z} be a Riesz basis of L2(R) such that ψ is
obtained by an MRA and ψ̂(ω) 6= 0 a.e., and let g be a function that satisfies the conditions
of Theorem 2.4(c). Then g(ω) cannot be constant a.e.
Proof. Since {ψj,k; j, k ∈ Z} is a Riesz basis of L2(R), the support of ψ must have
positive Lebesgue measure. Assume that g(ω)= α a.e. Then α 6= 0 and there is a set D of
positive Lebesgue measure such that, for every ω ∈D, (2.7) is satisfied and ψ̂(2kω) 6= 0
and g(2kω)= α for every k ∈ Z. Thus, (2.7) implies that for ω ∈D
ψ̂(2nω)=
(
n−1∏
k=0
g(2kω)
)
ψ̂(ω), n ∈ Z+, (2.12)
and
ψ̂(2−nω)= ψ̂(ω)∏n
k=1 g(2−kω)
, n ∈ Z+, (2.13)
and we deduce that
ψ̂(2nω)= αnψ̂(ω), ω ∈D, n ∈ Z.
Thus, for ω ∈D, ∑
j∈Z
|ψ̂(2jω)|2 = |ψ̂(ω)|2
∑
j∈Z
|α|2j =∞.
Since D has positive Lebesgue measure and every Riesz basis is a frame, this contradicts
[5, Theorem 1] (or [4, Theorem 3.21]).
COROLLARY 2.7. Let ψ ∈L1(R)∩L2(R), and assume that ψ̂(ω) 6= 0 a.e., and
lim
ω→∞
ψ̂(2ω)
ψ̂(ω)
= α,
where α may be any element of the set of extended real numbers, and the limit is taken
over the set of ω for which ψ̂(ω) 6= 0. If {ψj,k; j, k ∈ Z} is a Riesz basis of L2(R), then ψ
cannot be obtained by an MRA.
Proof. Assume that, on the contrary, ψ is obtained by an MRA. Then the hypotheses
imply that for almost every ω
ψ̂(ω+ 4npi) 6= 0 for every n ∈ Z. (2.14)
Let g be a function that satisfies the conditions of Theorem 2.4(c), and let S denote the
set of ω for which g satisfies (2.7) and ψ satisfies (2.14).
For ω ∈ S,
g(ω)= g(ω+ 4npi)= ψ̂(2ω+ 8npi)
ψ̂(ω+ 4npi) ,
which converges to α as n→∞. Thus g(ω)= α for ω ∈ S. Since the complementary set
of S inR has Lebesgue measure 0, we conclude that g(ω)= α a.e., which is a contradiction
of Corollary 2.6.
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The condition ψ̂(ω) 6= 0 of the preceding corollary also appears in Wiener’s Tauberian
theorems [15, 25]: If ψ ∈L1(R) then the linear span (over R) of the set {ψ(·+α); α ∈R}
is dense in L1(R) if and only if ψ̂(ω) 6= 0 for all real ω. A similar theorem holds for L2(R):
in this case the condition is ψ̂(ω) 6= 0 a.e. No such theorem holds for Lp(R), 1< p < 2
(cf., e.g., [15]).
PROPOSITION 2.8. Let ψ,φ ∈ L1(R) ∩ L2(R), and assume that ψ̂(ω) 6= 0 a.e. and
φ̂(ω) 6= 0 a.e., and that both {ψj,k; j, k ∈ Z} and {φj,k; j, k ∈ Z} are Riesz bases of
L2(R). Assume, moreover, that φ can be obtained by an MRA, and that ν :=ψ −φ is such
that
lim
ω→∞
ν̂(ω)
φ̂(ω)
= 0, (2.15)
and
lim
ω→∞
ν̂(2ω)
φ̂(ω)
= 0, (2.16)
where the limit is taken over the set of ω for which φ̂(ω) 6= 0. If ψ can be obtained by an
MRA, then there exists a 4pi -periodic function g, such that g(ω) 6= 0 and
φ̂(2ω)= g(ω)φ̂(ω) a.e., (2.17)
and
ν̂(2ω)= g(ω)̂ν(ω) a.e. (2.18)
Proof. By the hypotheses and Theorem 2.4 there are functions g and h, 4pi -periodic
and nonvanishing, such that (2.17) is satisfied, and
ψ̂(2ω)= h(ω)ψ̂(ω) a.e. (2.19)
Subtracting (2.17) from the preceding equation, we see that
ν̂(2ω)= h(ω)ψ̂(ω)− g(ω)φ̂(ω)= (h(ω)− g(ω))φ̂(ω)+ h(ω)̂ν(ω) a.e.
Thus,
ν̂(2ω)
φ̂(ω)
= h(ω)− g(ω)+ h(ω) ν̂(ω)
φ̂(ω)
a.e.,
i.e.,
h(ω)− g(ω)= ν̂(2ω)
φ̂(ω)
− h(ω) ν̂(ω)
φ̂(ω)
.
Since f (ω) := h(ω)−g(ω) is 4pi -periodic, it must vanish a.e. Indeed, for n ∈ Z and almost
every ω,
f (ω)= f (ω+ 4npi)= ν̂(2ω+ 8npi)
φ̂(ω+ 4npi) − h(ω)
ν̂(ω+ 4npi)
φ̂(ω+ 4npi),
and making n→∞ we conclude that f (ω)= 0. Thus h(ω)= g(ω) a.e., and from (2.17)
and (2.19) we deduce that (2.18) is satisfied.
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3. EXAMPLES
We now apply the results of the preceding section to six examples, to determine whether
their mother wavelets can be obtained by an MRA.
In the following, χE will denote the characteristic function of the set E.
EXAMPLE 3.1 (The Haar Function). The Haar function is defined by
ψ(t) := χ[0,1/2)(t)− χ[1/2,1)(t).
It is well known that {ψj,k; j, k ∈ Z} is an orthogonal basis of L2(R), and that ψ can
be obtained by an MRA (cf., e.g., [7]). To see how the latter assertion follows from
Theorem 2.4, note that
ψ̂(ω)= 4ie
−(1/2)ωi sin2(ω/4)
ω
,
which implies that ψ̂(ω) 6= 0 a.e. Thus, if
g(ω) :=

ψ̂(2ω)
ψ̂(ω)
= e
−(1/2)ωi
2
sin2(ω/2)
sin2(ω/4)
if ω 6= 4npi, n ∈ Z,
2 if ω= 4npi, n ∈ Z,
we see that g(ω) is 4pi -periodic and satisfies (2.7) for every ω ∈ R, and the assertion
follows from Theorem 2.4(c).
EXAMPLE 3.2 (Discontinuous Perturbations of the Haar Function). Let ψ denote the
Haar function of Example 3.1, 0< ε < 1/2,
ν := χ[1/2−ε,1/2)− χ[1/2,1/2+ε), and D(ε) :=
√
2 ε√
2− 1
(
8ε+ 4+ 3√
2
)
.
From [13, Lemma 4] we know that {νj,k; j, k ∈ Z} is a Bessel sequence with boundD(ε).
Clearly {−νj,k; j, k ∈ Z} is a Bessel sequence with the same bound. Note that ε > 0 and
D(ε) < 1/2 imply that ε < 1/2; thus, from [10, Theorem 5] we deduce that if ε > 0,
D(ε) < 1, and φ := ψ − ν, then the sequence {φj,k; j, k ∈ Z} is a Riesz basis. Since
φ = χ[0,1/2−ε)− χ[1/2+ε,1),
φ̂(ω)= i
ω
[
e−(1/2−ε)ωi − 1+ e−(1/2+ε)ωi − e−ωi]= 2i
ω
e−ωi/2
[
cos(ωε)− cos(ω/2)].
Thus, for almost every ω,
φ̂(2ω)
φ̂(ω)
= e
−(1/2)ωi
2
[
cos(2ωε)− cos(ω)
cos(ωε)− cos(ω/2)
]
= e−(1/2)ωi
[
cos2(ωε)− cos2(ω/2)
cos(ωε)− cos(ω/2)
]
= e−(1/2)ωi[cos(ωε)+ cos(ω/2)].
Assume that φ can be obtained by an MRA; then Theorem 2.4 implies that the function
e−(1/2)ωi[cos(ωε) + cos(ω/2)] must be 4pi -periodic. But this implies that cos(ωε) is
4pi -periodic. Since 0< ε < 1/2, we have a contradiction.
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EXAMPLE 3.3 (The Mexican Hat Function as a Perturbation Term). Let φ be the Haar
function, and let ν be the Mexican hat function, viz. ν(t) := (1 − t2)e−t2/2. Daubechies
has shown that {νj,k; j, k ∈ R} is a frame, and therefore a Bessel sequence (cf. [7, 22]).
Thus, applying [10, Theorem 5] we see that for ε sufficiently small, if ψ := φ + εν, then
{ψj,k; j, k ∈ R} is a Riesz basis. Since ν is the second derivative of −e−t2/2, we have
ν̂ = ω2e−ω2/2. Thus (2.15) and (2.16) are satisfied. Since
lim
ω→∞
ν̂(2ω)
ν̂(ω)
= 0, (3.1)
there can be no nonvanishing periodic function g that satisfies (2.18). Since both ψ̂ and
φ̂ are entire functions, they can only vanish on sets of measure zero. Thus, applying
Proposition 2.8 we deduce that ψ cannot be obtained by an MRA.
EXAMPLE 3.4 (Entire Functions as Perturbation Terms). Let φ be the Haar function,
let c, d > 0, and α > 2. From [27, Theorem 3] we know there is an entire function f (z)
such that, for real t ,
f (t)=O{e−c|t |α/2}, |t| →∞,
and, for complex z,
f (z)=O{ed |z|α/2}, |z| →∞.
Thus, if k ∈ Z+, the function ν(z) := z2k−1f (z2) is entire and odd (whence its integral
over R vanishes), and there are numbers a, b > 0 such that
ν(t)=O{e−a|t |α}, |t| →∞
and
ν(z)=O{eb|z|α}, |z| →∞.
(If α is an even integer we can just define ν(z) := z2k−1 exp(−zα).)
From, e.g., [12, Theorem 3] or [27, Theorem 1] we conclude that if β is the conjugate
exponent of α (i.e., α−1 + β−1 = 1), then there is a number a′ > 0 such that
ν̂(ω)=O{e−a′|ω|β}, |ω| →∞.
From [6, Lemma 1] we see that {νj,k; j, k ∈R} is a Bessel sequence. Thus, applying [10,
Theorem 5] we deduce that for ε sufficiently small, if ψ := φ + εν, then {ψj,k; j, k ∈ R}
is a Riesz basis. Since (2.15), (2.16), and (3.1) are satisfied, applying Proposition 2.8 we
conclude that ψ cannot be obtained by an MRA.
EXAMPLE 3.5 (Perturbations of Compactly Supported Wavelets). Let {φj,k; j, k ∈ Z}
be an orthonormal basis of L2(R) such that φ is a function of compact support that can be
obtained by an MRA [7], and, for α > 2, let ν be as described in the preceding example.
Assume that δ is small enough so that, if ψ = φ + δν, then {ψj,k; j, k ∈ Z} is a Riesz
basis of L2(R). Since φ̂(z) is an entire function of exponential type, it is clear that (2.15)
and (2.16) are satisfied. Since ν̂(ω) satisfies (3.1), from Proposition 2.8 we conclude that
ψ cannot be obtained by an MRA.
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EXAMPLE 3.6 (Compactly Supported Wavelets). Lemarié-Rieusset, proved that if
{ψj,k; j, k ∈ Z} is an orthonormal basis of L2(R) such that ψ has nonnegative Hölder
regularity and compact support, then this basis can be obtained by an MRA [16, 17],
and in [18] he showed that the result also holds under the weaker assumptions that ψ
be continuous and of compact support. Auscher proved that it suffices to assume that ψ̂ is
continuous and
|ψ̂(ω)| ≤ C|ω|α(1+ |ω|1/2−α)
for some α > 0 [1]. Gripenberg [11] and Wang [24] obtained necessary and sufficient
conditions for the existence of an MRA. It follows from their results that an MRA exists
for any square-integrable function ψ of bounded support (see [14, Chapt. 7]).
We will assume that ψ̂(ω) 6= 0 a.e. (as would be the case if, for instance,ψ is of bounded
support), and see how the existence of an MRA can be obtained from Theorem 2.4.
Repeating the proof of [19, Theorem 2.1] from p. 63 to the middle of p. 64, we see that
there exist functions γj (ω) and α(ω), where γj (ω) is 2pi -periodic, such that for j < 0,
k ∈ Z, and almost every ω,
ψ̂(2−j (ω+ 2kpi))= γj (ω)α(ω+ 2kpi).
Since γj (ω) 6= 0 a.e., and, moreover,
ψ̂(2ω)= γ−1(ω)α(ω) and ψ̂(4ω)= γ−2(ω)α(ω) a.e.,
we deduce that
ψ̂(4ω)= h(ω)ψ̂(2ω) a.e.,
where
h(ω) :=

γ−2(ω)
γ−1(ω)
if γ−1(ω) 6= 0,
0 if γ−1(ω)= 0
is 2pi -periodic. Setting g(ω) := h(ω/2), the assertion follows from Theorem 2.4(d).
4. PERTURBATIONS OF THE HAAR WAVELET
In the following Nm(t) will denote the mth-order cardinal B-spline. Recall that
suppNm = [0,m] and [4, 23]
N̂m(ω)=
(
1− e−iω
iω
)m
.
Let
C(ε,m) : = 4
√
2 ε√
2− 1
{
(ε+ 1)(2m− 2)+ 3√
2
}
,
B(ε,m) : = [√C(ε,m)+√D(ε) ]2,
where D(ε) was defined in Example 3.2, let ψ denote the Haar function,
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q{m}(t) := χ[0,m−1)(t −m+ 1)
m−2∑
k=0
Nm(t − k −m+ 1)− 12
m−2∑
k=0
Nm(t − k),
p
{ε,m}
1 (t) := q{m}
(
2m− 2
ε
(t + ε)
)
, p
{ε,m}
2 (t) := q{m}
(
2m− 2
ε
(1+ ε− t)
)
,
p
{ε,m}
3 (t) := q{m}
(
2m− 2
ε
(
1
2
− t
))
, p
{ε,m}
4 (t) := q{m}
(
2m− 2
ε
(
t − 1
2
))
,
ψ
{ε,m}
1 (t) := p{ε,m}1 (t)− p{ε,m}2 (t)+p{ε,m}3 (t)− p{ε,m}4 (t)+ φ(t), (4.1)
where φ(t) is defined as in Example 3.2, and
ψ
{ε,m}
1,j,k (t) := 2j/2ψ{ε,m}1 (2j t − k).
The following is the main result of [13]:
THEOREM 4.1. Let m≥ 2 be an integer, and let ε > 0 be such that B(ε,m) < 1. Then
(a) ψ{ε,m}1 ∈Cm−2(−∞,∞).
(b) The support of ψ{ε,m}1 (ω) is a subset of [−ε,1+ ε].
(c) {ψ{ε,m}1,j,k ; j, k ∈ Z} is a Riesz basis of L2(R) with frame bounds (1−
√
B(ε,m))2
and (1+√B(ε,m))2.
(d) If 0< δ <∞, then ‖ψ{ε,m}1 −ψ‖Lδ(R) ≤ (1+ 2δ)1/δ(2ε)1/δ.
Mallat [21] showed that in the orthonormal case the wavelet coefficients can be
computed in O(n) steps. In [28] we proved that also for the bases generated by any
of the functions ψ{ε,m}1 with ε = 2−j , where j is an integer larger than 1, the wavelet
coefficients can be computed in O(n) steps. The underlying justification for our proof is
that these functions are crafted by excising intervals around the discontinuities of the Haar
function and replacing them with functions based on B-splines of designated smoothness.
The wavelet coefficients can be calculated by relying on multilevel relations among the
B-splines and interval integrals on the sections of the Haar functions which have not been
excised.
It was conjectured by Aldroubi, and independently by the author, that the functions
ψ{ε,m} cannot be generated by an MRA.
Before proving this conjecture we need to establish an auxiliary proposition.
LEMMA 4.2. Let λ1 < λ2 < · · · < λn be a sequence of real numbers with n ≥ 1,
{ak,1≤ k ≤ n} a sequence of nonzero real numbers,
F(z) :=
n∑
k=1
ake
λkzi, (4.2)
m,r ∈ Z, {bk, m≤ k ≤ r} a sequence of real numbers such that br, bm 6= 0, and
P(z) :=
r∑
k=m
bke
(k/2)zi. (4.3)
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If there is a 4pi -periodic function g(ω) ∈C∞(R) such that
P(w)F(2ω)= g(ω)F (ω) a.e. on R,
then 2λ1,2λn ∈ Z.
Proof. Since g is smooth, it equals the sum of its Fourier series; i.e.,
g(ω)=
∑
k∈Z
cke
(k/2)ωi,
where the ck are the Fourier coefficients of g(ω). Let
A := {k/2+ 2λj :m≤ k ≤ r, 1≤ j ≤ n, bkaj 6= 0},
and
B := {k/2+ λj : k ∈ Z, 1≤ j ≤ n, ckaj 6= 0}.
The uniqueness theorem for almost-periodic functions [2] implies that A= B . Since A is
a finite set, also B must be finite, and therefore the set of nonzero ck must be bounded. Let
a and b respectively denote the smallest and the largest element in the set of integers
k such that ck 6= 0. Since the smallest element in A must coincide with the smallest
element in B , we deduce that m/2+ 2λ1 = a/2+ λ1. Thus 2λ1 = a −m. Similarly, since
the largest element in A must coincide with the largest element in B , we deduce that
2λn = b− r .
From [11, 24] we know that if {ψj,k; j, k ∈ Z} is an orthonormal basis of L2(R) and ψ
is of compact support, then ψ can be obtained by an MRA (see also Example 3.6 above).
The next theorem shows that this no longer may be the case in the absence of orthogonality.
THEOREM 4.3. Let m≥ 2 be an integer, and let ε > 0 be such that B(ε,m) < 1. Then
ψ
{ε,m}
1 cannot be obtained by an MRA.
Proof. The idea of the proof is as follows: We first compute the Fourier transform of
ψ
{ε,m}
1 . We then assume that this function is obtained by an MRA and apply Lemma 4.2 to
obtain a contradiction.
Let µ{m} denote the function that was called g in [13]; i.e.,
µ{m}(t) := χ[0,m−1](t)
m−2∑
k=0
Nm(t − k).
In the proof of [13, Lemma 5] (and allowing for a slightly different definition of the Fourier
transform) we show that
µ̂{m}(ω)= ie
−(1/2)(m−1)ωi
ω
[
e−(1/2)(m−1)ωi −
(
sin(ω/2)
ω/2
)m−1]
.
Thus, setting u{m}(t) := µ{m}(t −m+ 1), we have
û{m}(ω)= e−(m−1)ωiµ̂(ω)= ie
−(3/2)(m−1)ωi
ω
[
e−(1/2)(m−1)ωi −
(
sin(ω/2)
ω/2
)m−1]
.
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If
v{m}(t) :=
m−2∑
k=0
Nm(t − k)
then from, e.g., [4, p. 160, Example 5.26],
v̂ {m}(ω)=
m−2∑
k=0
ekωiN̂m(ω)= e
(m−1)ωi − 1
eωi − 1 N̂m(ω)
= e(1/2)(m−2)ωi sin((m− 1)ω/2)
sin(ω/2)
N̂m(ω)
= e(1/2)(m−2)ωi sin((m− 1)ω/2)
sin(ω/2)
(
sin(ω/2)
ω/2
)m
e−(1/2)mωi
= 2me−ωi sin((m− 1)ω/2)
ωm
[sin(ω/2)]m−1.
Since q{m}(t)= u{m}(t)− (1/2)v{m}(t), we conclude that
q̂ {m}(ω)= ie
−2(m−1)ωi
ω
+ A(ω)
ωm
, (4.4)
where
A(ω)=−ie−(3/2)(m−1)ωi 2m−1[sin(ω/2)]m−1 − (1/2)ωmv̂{m}(ω) (4.5)
=−2m−1[sin(ω/2)]m−1e−ωi[ie−(1/2)(3m−5)ωi + sin((m− 1)ω/2)].
From the definitions of the functions p{ε,m}i (t) and (4.1), we see that
ψ̂
{ε,m}
1 (ω)=
ε
2m− 2
[
eεωi q̂{m}
(
εω
2m− 2
)
+ e−(1+ε)ωi q̂{m}
(
− εω
2m− 2
)
− e−(1/2)ωi q̂{m}
(
− εω
2m− 2
)
− e−(1/2)ωi q̂{m}
(
εω
2m− 2
)]
+ φ̂(ω)
= ε
2m− 2
[
(eεωi − e−(1/2)ωi)̂q{m}
(
εω
2m− 2
)
+ (e−(1+ε)ωi − e−(1/2)ωi )̂q{m}
(
− εω
2m− 2
)]
+ φ̂(ω).
As remarked in Example 3.2,
φ̂(ω)= i
ω
[
e−(1/2−ε)ωi − 1+ e−(1/2+ε)ωi − e−ωi].
Thus, from (4.4), ψ̂{ε,m}1 can be written in the form
ψ̂
{ε,m}
1 (ω)= E{ε,m}(ω)+ F {ε,m}(ω), (4.6)
where
E{ε,m}(ω) := i
ω
[
(eεωi − e−(1/2)ωi) e−εωi + (e−(1/2)ωi − e−(1+ε)ωi) eεωi]+ φ̂(ω)
= i
ω
[
(eεωi − e−(1/2)ωi) e−εωi + (e−(1/2)ωi − e−(1+ε)ωi) eεωi]
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+ i
ω
[
e−(1/2−ε)ωi − 1+ e−(1/2+ε)ωi − e−ωi]
= 2i
ω
[
e−(1/2−ε)ωi − e−ωi],
and
F {ε,m}(ω) := 1
ωm
(
2m− 2
ε
)m−1[
(eεωi − e−(1/2)ωi)A
(
εω
2m− 2
)
+ (−1)m+1(e−(1/2)ωi − e−(1+ε)ωi)A
(
− εω
2m− 2
)]
.
Assume that ψ{ε,m}1 can be obtained by an MRA. Since ψ
{ε,m}
1 (t) is of compact support,
its Fourier transform is an entire function, which implies that it can only vanish on a set of
measure 0. We may therefore apply Theorem 2.4 to conclude that there exists a 4pi -periodic
function g such that
ψ̂
{ε,m}
1 (2ω)= g(ω)ψ̂{ε,m}1 (ω) a.e.
Let A denote the set of ω such that
ψ̂
{ε,m}
1 (2ω+ 8kpi)= g(ω+ 4kpi)ψ̂{ε,m}1 (ω+ 4kpi)= g(ω)ψ̂{ε,m}1 (ω+ 4kpi) (4.7)
for every k ∈ Z, and let B denote the set of ω such that ψ̂{ε,m}1 (ω + 4`pi) 6= 0 for at least
one ` ∈ Z and (4.7) is not satisfied for at least one k ∈ Z.
For each ω ∈ B there is a double sequence {ωn + 4kpi; k,n ∈ Z+} of elements of A,
such that limn→∞ ωn = ω+ 4`pi . Thus,
lim
n→∞g(ωn)=
ψ̂
{ε,m}
1 (2ω+ 8`pi)
ψ̂
{ε,m}
1 (ω+ 4`pi)
.
By periodicity,
lim
n→∞g(ωn + 4kpi)= limn→∞g(ωn)
for every k ∈ Z. Thus, defining g1(ω) to equal g(ω) on A and to equal limn→∞ g(ωn)
on B , we see that g1(ω) is 4pi -periodic and (4.7) is satisfied on A ∪ B . Since ψ̂{ε,m}1 (z)
is an entire function, the existence of limn→∞ g(ωn) implies that either ψ̂{ε,m}1 (ω) 6= 0, or
both ψ̂{ε,m}1 (z) and ψ̂
{ε,m}
1 (2z) vanish at ω but the order of the zero of ψ̂
{ε,m}
1 (2z) at ω is at
least equal to the order of the zero of ψ̂{ε,m}1 (z) at ω. This implies that g1(ω) is infinitely
differentiable on A∪B .
Let C denote the complementary set of A∪B on R. If ω ∈ C, then ω= α+ 4kpi , where
k ∈ Z and α ∈ [0,4pi). The definition of C implies that ψ̂{ε,m}1 (α) = 0. However, ψ̂{ε,m}1
can only vanish on a finite subset of [0,4pi). This implies that either C is empty or
C ⊂D :=
r⋃
j=1
{αj + 4kpi; k ∈ Z}.
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If D = ∅, let P(ω) := 1. Otherwise, let mj be the multiplicity of the zero of G{ε,m} at
αj , and
P(z) :=
r∏
j=1
[
sin((1/2)(z− αj ))
]mj .
Let
h(ω) := P(ω)g1(ω).
Clearly P(z) can be written in the form (4.3) and h(ω) is 4pi -periodic and infinitely
differentiable on R.
Passing to the limit, we also deduce that
P(ω)ψ̂
{ε,m}
1 (2ω)= h(ω)ψ̂{ε,m}1 (ω) (4.8)
for every real ω. Let
H(ω) := h(ω)− P(ω)E
{ε,m}(2ω)
E{ε,m}(ω)
.
From (4.8) we see that
H(ω)= P(ω)
[
ψ̂
{ε,m}
1 (2ω)
ψ̂
{ε,m}
1 (ω)
− E
{ε,m}(2ω)
E{ε,m}(ω)
]
= P(ω)
[
E{ε,m}(2ω)+ F {ε,m}(2ω)]
E{ε,m}(ω)+ F {ε,m}(ω)] −
E{ε,m}(2ω)
E{ε,m}(ω)
]
.
Since m> 1, E{ε,m}(ω) is the asymptotically dominant term of ψ̂{ε,m}1 (ω) as ω→∞, and
we readily see that limω→∞H(ω)= 0. Since ωE{ε,m}(ω) is bounded, this implies that
lim
ω→∞ωE
{ε,m}(ω)H(ω)= 0.
But
ωE{ε,m}(ω)H(ω)=ωE{ε,m}(ω)h(ω)− P(ω)ωE{ε,m}(2ω)
= 2i[e−(1/2−ε)ωi − e−ωi]h(ω)− iP (ω)[e−(1−2ε)ωi − e−2ωi],
and is therefore an almost-periodic function. This implies that ωE{ε,m}(ω)H(ω) must
vanish identically, and we conclude that
(1/2)P (ω)2ωE{ε,m}(2ω)= h(ω)ωE{ε,m}(ω) (4.9)
for every real ω.
Since ε > 0 and B(ε,m) < 1 imply that ε < 1/8, we see that ωE{ε,m}(ω) has a
representation of the form (4.2) with λn = λ2 = −(1/2 − ε). Clearly 2λ2 cannot be an
integer. Thus, applying Lemma 4.2 we infer that an identity such as (4.9) cannot hold, and
we have obtained a contradiction.
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